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Boundedness of discrete generalized Cesàro operator {#Sec2}
===================================================

In 1982, Rhaly \[[@CR1]\] showed that the discrete generalized Cesàro operator $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar1}
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-----
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Compactness of discrete generalized Cesàro operator {#Sec3}
===================================================

Compact linear operators have a great deal of application in practice. For instance, they play a central role in the theory of integral equations and in various problems of mathematical physics.

Disentangling the historical development of the spectral theory of compact linear operators is particularly hard because many of the results were originally proved early in the twentieth century for integral equations acting on particular Banach spaces of functions. These operators behave very much like familiar finite dimensional matrices without necessarily having finite rank. For a compact linear operator, spectral theory can be treated fairly completely in the sense that Fredholm's famous theory of linear integral equations may be extended to linear functional equations $\documentclass[12pt]{minimal}
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Definition 1 {#FPar4}
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From the definition of compactness of a set, we readily obtain a useful criterion for the operator.

Theorem 3 {#FPar5}
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The following theorem makes it easy to show the compactness of a linear operator over a normed space.

Theorem 4 {#FPar6}
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The following is important as a tool for proving compactness of a given operator as the uniform operator limit of a sequence of compact linear operators.

Theorem 5 {#FPar7}
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Spectrum of discrete generalized Cesàro operator {#Sec4}
================================================

Definition 2 {#FPar10}
------------
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Spectral theory is an important part of functional analysis. It plays a crucial role in many branches of mathematics such as function theory, complex analysis, differential and integral equations, control theory and also in numerous applications as they are intimately related to the stability of the underlying physical systems. For more information on spectrum, see \[[@CR4]\].

The following theorem tells us that the point spectrum of a compact linear operator is not complicated. In fact, we also know that each spectral value $\documentclass[12pt]{minimal}
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Spectrum of compact Rhaly operator was specified in \[[@CR5]\] and \[[@CR6]\]. The spectrum of discrete generalized Cesàro operator $\documentclass[12pt]{minimal}
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In this section, we will compute the spectrum of the generalized discrete generalized Cesàro matrix, the compact linear operator $\documentclass[12pt]{minimal}
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### Theorem 8 {#FPar13}
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### Proof {#FPar14}
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This classification of the spectrum is called the Goldberg classification. Let us give the theorems that will help the Goldberg classification.

### Theorem 11 {#FPar21}
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### Theorem 13 {#FPar23}
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### Theorem 14 {#FPar24}
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The fine spectra of bounded linear operators defined by some particular limitation matrices over some sequence spaces were first discussed in \[[@CR5], [@CR9]--[@CR11]\] and \[[@CR12]\].

Then the spectra and fine spectra of some operators have been studied by various authors \[[@CR13]--[@CR22]\] and are still being studied.
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### Proof {#FPar26}
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### Theorem 16 {#FPar27}
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It can sometimes be useful to establish a relationship between the spectra of a bounded linear operator and its adjoint.

Proposition 1 {#FPar29}
-------------

\[[@CR23]\], Proposition 1.3
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This separation of the spectrum of some operator has been studied by various authors in \[[@CR18], [@CR24]--[@CR26], [@CR28]\] and is still being studied.

Theorem 17 {#FPar30}
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Proof {#FPar31}
-----
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-------

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< t<1$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< p<\infty$\end{document}$, *we have* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma_{ap} ( A_{t}^{\ast},\ell_{q} ) =S\cup \{ 0 \}$\end{document}$;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma_{\delta} ( A_{t}^{\ast},\ell_{q} ) =S\cup \{ 0 \} $\end{document}$.

Proof {#FPar33}
-----

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma_{ap} ( A_{t}^{\ast},\ell_{q} ) =\sigma _{\delta } ( A_{t},\ell_{p} ) $\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma_{\delta} ( A_{t}^{\ast },\ell_{q} ) =\sigma_{ap} ( A_{t},\ell_{p} ) $\end{document}$ from Proposition [1](#FPar29){ref-type="sec"}, the proof is clear. □

Conclusions {#Sec8}
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The spectra of summability methods, the Goldberg classification of the spectrum and the non-discrete spectral separation of this summability methods were discussed by various authors earlier. Still, a lot of mathematicians work on this subject. The spectrum of the discrete generalized Cesàro operator on a Hilbert space $\documentclass[12pt]{minimal}
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                \begin{document}$c_{0}$\end{document}$ and *c* sequence spaces. Also, a Mercerian theorem was given in \[[@CR27]\]. The spectra and spectral separation of this operator over the other sequence spaces are left as clear problems.
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